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Abstract
We give a very simple approach to the computation of tube volumes of self-similar sprays
using a functional equation satisfied by them.
Keywords: Tube formulas, self-similar sprays, functional equations, Mellin trans-
form.
1 Introduction
Complex dimensions of fractals were introduced in 90’s by M. Lapidus. He and his coworkers,
especially M. von Frankenhuijen and E. Pearse established in the sequel an elaborate theory of
complex dimensions of strings, sprays and various higher dimensional generalizations of them (see
[1], [2] and references therein). In this note, we want to give a simple alternative approach for
self-similar sprays.
A self-similar spray generated by an open set G ⊆ Rn is a collection (Gk)k∈N of pairwise disjoint
sets Gk ⊆ R
n such that Gk is a scaled copy of G by some λk > 0, where the sequence (λk)k∈N, called
the associated scaling sequence of the spray, is obtained from a ratio list {r1, r2, . . . , rJ} (0 < rj < 1)
by building all possible words of multiples of the ratios rj :
1, r1, r2, . . . , rJ , r1r1, r1r2, . . . , r1rJ , r2r1, r2r2, . . . , r2rJ , . . .







We recall that the unique real number D satisfying the Moran equation
rD1 + · · ·+ r
D
J = 1 is called the similarity dimension of the ratio list and we assume throughout
that n− 1 < D < n. (We note that D < n is equivalent to the finiteness of the total volume of the
spray.)
The goal of tube formulas is to find a closed formula for the volume of the inner ε-tube of ∪Gk,
where surprisingly the complex dimensions will take the stage. (By the inner ε-tube of an open
set it is understood the set of points of this set with distance to the boundary less than ε.)
We will consider below a monophase generator G, though the pluriphase generators could be
handled along the same lines. The adjective “monophase” means that the volume VG(ε) of the







n−i for ε < g






























Figure 1: A spray (Gk)k∈N and its inner ε-tube
2 A Functional Equation














+ VG(ε) for ε > 0. (2)
For ε ≥ g, V∪Gk(ε) can instantly be computed to yield
Vol(G)
1− (rn1 + r
n




The main idea of the present note is to use this functional equation to obtain the Mellin
transform of V∪Gk(ε) from which one can get back the tube volume as a sum of residues of an
appropriate meromorphic function.





If this integral exists for some c ∈ R and if the function f is continuous at x0 ∈ (0,∞) and









In our case V∪Gk is continuous and O(1) as ε→∞. To apply the Mellin transform we need an
estimate as ε→ 0.





Proof. See, for example, [3].
Before applying the Mellin transform to the above functional equation, it will be technically



















for ε > 0. (3)
The function f is continuous, of locally bounded variation (since V∪Gk(ε) is locally polynomial




as ε → 0. So,
the integral ∫ ∞
0
f(ε) εs−1dε
exists for any s with D < Re(s) < n.











where Vol(G) is denoted by −κn.
Applying the Mellin transform to both sides of (3) we get for D < Re(s) < n,
f˜(s) = rs1f˜(s) + r
s























































 (for ε < g),
where D is the set of zeros of the function 1 −
J∑
j=1



















 (for ε < g).
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